Let G be a simple graph without isolated vertices. For a vertex i in G, the degree d i is the number of vertices adjacent to i and the average 2-degree m i is the mean of the degrees of the vertices which are adjacent to i. The sequence of pairs (d i , m i ) is called the sequence of degree pairs of G. We provide some necessary conditions for a sequence of real pairs (a i , b i ) of length n to be the degree pairs of a graph of order n. A graph G is called pseudo k-regular if m i = k for every vertex i while d i is not a constant. Let N (k) denote the minimum number of vertices in a pseudo k-regular graph. We utilize the above necessary conditions to find all pseudo 3-regular graphs of orders no more than 10, and all pseudo k-regular graphs of order N (k) for k up to 7. We give bounds of N (k) and show that N (k) is at most k + 6.
Introduction
Throughout this paper, let G be a simple graph with vertex set V (G) = {1, 2, . . . , n} and edge set E(G) which has no isolated vertices. Let d i and m i be the degree and average 2-degree of vertex i ∈ V (G), where d i = j:ji∈E(G) 1 and
of pairs is called the sequence of degree pairs of G. Degree sequences of graphs have been well-studied for a long time, e.g., [10] . The additional average 2-degree sequence m i of graphs will provide more information about a graph. Indeed the sequence of degree pairs (d i , m i ) n i=1 has already appeared in literature. For example in the extremal spectral theory, many upper bounds of eigenvalues are expressed by a function of the sequence [5, 7, 12, 15, 17, 18] . From application aspects, the parameters d i and m i are natural in the study of a two-way communication network [3] , especially in the investigation of the distance-2 structure of the network, in which the simple graph model is employed with vertices representing the nodes and edges the links. The number d i of links at node i is easy acquainted by the node i itself, while the number d j of a node j that is adjacent to i might not be obtained easily, but at least node i has a rough idea of the mean number m i of d j , especially when this number happened to be an integer from some other network structure information. Other related parameters which are introduced recently in the study of distance-2 structure of a graph can be found in [4] .
The sequence of degree pairs might have applications in cryptography as the factorization of an integer does. It is easy for a graph (resp. a pair of prime numbers) to generate its sequence of degree pairs (resp. their product), but much harder for the reverse. Hence the sequence of degree pairs of a graph can track the graph while easily keeping secret of the exact information of the graph. Unfortunately two different graphs might have the same sequence of degree pairs. For instance, the two graphs in Figure 1 are not isomorphic, but have the same sequence (2, 3) , (3, 3) , (3, 3) , (4, 3) , (3, 3) , (3, 3) , (2, 3) of degree pairs. On the other hand, there are also graphs that are uniquely determined by their sequences of degree pairs. Two examples are provided in Figure 2 . A graph G is called k-harmonic if m i = k for all vertices i. Dress and Gutman showed that for a graph G and a positive integer k, the number of walks of length ℓ ≥ 1 in G equals 2|E(G)|k ℓ−1 if and only if G is k-harmonic [8] . They also proved that k is an integer in a k-harmonic graph. More families of graphs involved with the harmonic concept are proposed in [11, 1, 8] . The class of k-regular graphs, i.e. d i = k for all vertices i, is a subclass of k-harmonic graphs. A graph is pseudo k-regular if it is k-harmonic but not k-regular. Let N(k) denote the minimum number of vertices in a pseudo k-regular graph.
The paper is organized as follows. Some necessary conditions for a sequence of real pairs to be degree pairs are given in Section 2. In Section 3, we provide a lower bound of the independent number of the square graph G 2 of G in terms of the sequence of degree pairs of G. In Section 4, we determine all pseudo 3-regular graphs of order no more than 10. We aim at the study of minimal pseudo regular graphs. In Section 5, we determine all pseudo k-regular graphs of order N(k) for k up to 7, give bounds of N(k) and construct pseudo k-regular graphs of order k + 4 and k + 6 for odd and even k, respectively. Open problems are provided in Section 6 as a concluding remark of this article.
The necessary conditions
Some necessary conditions of a sequence of real pairs to be degree pairs are given in this section.
Criteria on the sequence of degree pairs
Let G be a graph with degree pairs
. We begin with a feasible condition of degree pairs.
Like a well-known property of degree sequence stating that the number of odd values d i is even, we have a similar version for the number of odd values d i m i . Proof. It immediately follows by Cauchy's inequality that
with equality if and only if m i = cd i for all 1 ≤ i ≤ n and some constant c, where the last equality in (1) is from Lemma 2.1. Again, by Lemma 2.1, c must be 1.
Degrees give hints of graph properties, e.g., Proof. For each 1 ≤ i ≤ n, let G 1 (i) and G 2 (i) denote the set of vertices in V (G) that have distance 1 and 2 to i, respectively. If the graph has girth at least 5 then
Reviewing the graphs given in Figure 2 , since both of them are of max 1≤i≤5 d i m i ≥ |V (G)| = 5, there must exist some 3-cycle C 3 or 4-cycle C 4 in the graph by the above result. The uniqueness of the two graphs can be quickly confirmed.
An analogue of the Erdős-Gallai Theorem
The Erdős-Gallai Theorem [10] is a well-known solution to the graph realization problems which gives a necessary and sufficient condition for a sequence of nonnegative integers to be the degree sequence (i.e. graphic) on a finite simple graph. 
Lemma 2.5 was shown by several authors. To obtain a quick proof, one can see [6] . We give an analogue of Erdős-Gallai Theorem for the degree pairs in the following which is, unfortunately, only a necessary condition. However, it is still helpful to determine a non-graphic degree pair sequence before we try to graph it. For real numbers 
Proposition 2.6. If a sequence of ordered pairs of positive real numbers
. . , n, and
Proof. By definition (i) immediately follows. We have (ii) and (iii) by considering the possibly maximal and minimal sums of the degrees of vertices adjacent to each vertex, respectively. Also, (iv), (v), and (vi) are directly from Lemma 2.1, Corollary 2.2, and Lemma 2.5, respectively. Let S = {i | 1 ≤ i ≤ k}. Then the left-hand side of (vii) can be written as
which is not more than the summation forms in right-hand side.
One should notice that the conditions listed in Proposition 2.6 is not sufficient. For example, the sequence of pairs (3, 3) , (3, 3) , (3, 3) , (3, 3) , (1, 3) , (1, 3) satisfies all of them. Nevertheless, one can work by hand to see that it is not a sequence of degree pairs of any graph of order 7.
3 A lower bound for the independence number of G
2
The independent number α(G) of a graph G is the maximum size of a vertex subset consisting of pairwise nonadjacent vertices. Let G 2 be the square of G, i.e.
where d(i, j) denotes the distance of vertices i and j in the graph G. The independent number α(G 2 ) of G 2 applies to solve data aggregation problem and collision avoidance problem in a wireless sensor network G [14] . Using the probabilistic method [ 
. Then the independence number of the square G 2 of G satisfies
is an independent set. We use the probabilistic method to expected size of S. If every vertex is picked equally in random then the probability of a vertex i appears before those vertices in
Moreover, the expected size of a set consisting of these i is n i=1 p i because of the linearity of expectation. Therefore,
Pseudo regular graphs
This section turns to the study of pseudo regular graphs. We start from the properties of harmonic graphs. Recall that a simple graph G with no isolated vertices is k-harmonic if its average 2-degree m i = k for every i ∈ V (G), which was introduced in [9] . From the definition of a k-harmonic graph, k is a rational number, but indeed k is an integer.
Proof. Let A be the adjacency matrix of G. Then we have Ad = kd, where d is the column vector (
Being a zero of the characteristic polynomial of A, k is an algebraic integer. Since k is also a positive rational number, k is a positive integer.
It is natural to ask when a k-harmonic graph with the given order n attains the maximum number of edges. Proof. Let G be a k-harmonic graph with degree pairs
, where m i = k. By Cauchy's inequality,
we have |E(G)| ≤ nk/2 and the equality is obtained if and only if d i is a constant.
The next is to ask when a connected k-harmonic graph of order n attains the minimal number of edges. This was done in [9] with the following trees. We now turn to the study of connected pseudo k-regular graphs.
Lemma 4.5. If G is connected pseudo 2-regular then G is the tree T 2 .
Proof. If there exists a vertex i ∈ V (G) of degree d i ≥ 4, then each vertex j adjacent to i has degree j > 2, or otherwise the average 2-degree m j of j is more than 2. However, a contradiction occurs since the average 2-degree m i of i is more than 2. Hence the maximum degree of G is 3. Suppose i ∈ V (G) of degree d i = 3, then each vertex j adjacent to i is of degree j = 1 (or otherwise j has average 2-degree j > 2). Also, d j = 3 since m i = 2.
We want to find the maximum degree of a connected pseudo k-regular graph of order n. It turns out that T k gives the maximum degree. We need a lemma in more general setting. Proof. By definition,
with the first equality if and only if all neighbors of j except for i have degree 1, and d j = m i for the latter equality.
The following theorem includes Proposition 4.4 as a special case.
Theorem 4.7. Let k ≥ 2 be a positive integer and G be a connected simple graph with average 2-degree m i ≤ k for each vertex i ∈ V (G). Then the maximum degree
Moreover, the following (i)-(iv) are equivalent.
(ii) G is the tree T k .
(iii) G is a pseudo k-regular tree.
(iv) G has a vertex j of degree and average 2-degree d j = m j = k and all neighbors of j have degree 1 with exactly one exception.
Proof. For every vertex i ∈ V (G), it is obvious that there exists ji ∈ E(G) such that d j ≤ m i . By Lemma 4.6,
and so does ∆(G), with equality if and only if each vertex j adjacent to i of degree d i = k 2 − k + 1 must have degree d j = k and all neighbors of j except for i have degree 1. Hence (i) and (ii) are equivalent. Additionally, the implication (ii)⇒(iii) is clear. We show that (iii) implies (iv) and (iv) implies (i).
To prove that (iii) implies (iv), let G be a pseudo k-regular tree containing a longest path P = v 1 , v 2 , v 3 , . . . , v ℓ . Note that ℓ ≥ 4 since k ≥ 2. Then the end v 1 is a leaf, and hence v 2 is a vertex of degree and average 2-degree d v 2 = m v 2 = k. Since P is of maximum length in G, all neighbors of v 2 except for v 3 are leafs, and v 2 is a vertex satisfying the conditions. To prove that (iv) implies (i), assume (iv) holds. Then the exceptional neighbor of j has degree
The proof is complete.
If G is a pseudo k-regular graph, then the unique neighbor of a vertex of degree 1 has degree k in G. We have seen in the previous proof that any neighbor of a vertex of degree k 2 − k + 1 also has degree k. One might ask what other vertices have their neighbors of the same degree k. Proof. Since d j < k, d i = 1 which implies the first inequality. Moreover, all neighbors of j have degree more than 1. Hence
and we have
The result follows by observing the above inequalities.
Corollary 4.9. Let G be a pseudo k-regular graph of order n with a vertex i of degree
(ii) the order of G is at least
Proof. To prove (i), since k 2 − 3k + 5 clearly greater than k, any vertex j adjacent to i has degree more than 1. By the contrapositive statement of Lemma 4.8, we have d j ≥ k. The argument is true for all neighbors of i, and hence d j = k. To prove (ii), let S = V (G) \ ({i} ∪ G 1 (i)). By Lemma 2.1 and (i),
Consequently,
where (2) is from the quadratic inequality x(k − x) ≤ (k/2) 2 for all x ∈ R. Simplify the above inequality, and we have the proof.
The above result tells that a pseudo 3-regular graph of maximum degree more than 4 has number of vertices at least f (3) = 11. This gives hope to determine all connected pseudo 3-regular graphs of orders up to 10. Recall that in Theorem 4.7 we prove that 4 ≤ ∆(G) ≤ 7, and solve the case ∆(G) = 7. Proof. They are all straightforward from Corollary 4.9(i).
Lemma 4.11. Let G be a connected pseudo 3-regular graph with maximum degree 4 and 
Minimal pseudo regular graphs
Recall that N(k) is the minimum number of vertices in a pseudo k-regular graph. The pseudo k-regular graphs of order N(k) are studied in this section for 2 ≤ k ≤ 7. Then we prove that a pseudo regular k-regular graph of every order n ≥ N(k) always exists for k = 3, 4. Lower bounds and upper bounds for N(k) are also proposed.
Pseudo k-regular graphs of order
By Lemma 4.5 the tree T 2 given in Definition 4.3 is the only pseudo 2-regular graph, and thus N(2) = 7. By checking the list of graphs in Figure 4 , we find N(3) = 7 and the two graphs in Figure 1 are the only pseudo 3-regular graphs of order N(3). As an application of Proposition 2.6, N(k) and all of the possible degree sequences of a pseudo k-regular graph on N(k) vertices are obtained for 4 ≤ k ≤ 7 by programming, which are listed in the following table. Note that when k = 5 the possible degree sequences are not unique. The degree sequences of pseudo k-regular graphs of order N(k) for 2 ≤ k ≤ 7.
For 4 ≤ k ≤ 7, we also find the pseudo k-regular graphs of order N(k). Note that when k = 4 the corresponding graph of order N(4) = 8 is unique up to isomorphism. While k = 5, there are three non-isomorphic pseudo 5-regular graphs of order N(5) = 9. For k = 6, the pseudo 6-regular on N(6) = 11 vertices are given by a 4-regular graph on 8 vertices with one vertex adjacent to all of them, and each of the remained two vertices adjacent to 4 of them with no common neighbor. The graphs mentioned above are shown in Figure 5 . As k = 7, four non-isomorphic pseudo 7-regular graphs of order N(7) = 11 are attained by exhaustedly graphing the degree sequence given in Table 1 . In fact, we will give a construction of pseudo k-regular graphs of order k + 4 in Proposition 5.5 for every odd k.
matchings
4-regular 
Existence of pseudo k-regular graphs of arbitrary orders
It is of some interest that whether there exists a pseudo k-regular graph of every order n ≥ N(k). We introduce a method to construct a pseudo k-regular graph of larger order from a known one. The basic idea can be referred to Figure 4 . One can observe that the graph at the upper right corner of Figure 4 can be obtained from that at the upper left corner by finding two edges with two 3-degree ends, inserting one vertex in each of them, and joining these two new vertices. Consequently, we conclude the following result. Proof. Suppose that e 1 , e 2 , . . . , e k−1 are the edges with two k-degree ends. For i = 1, 2, . . . , k − 1, insert one vertex v i in e i by deleting e i and joining two edges between v i and two ends of e i , respectively. Then, add edges v i v j for all 1 ≤ v i < v j ≤ k − 1. It is not difficult to check that the new graph on n + k − 1 vertices is still pseudo k-regular and has no less than k − 1 edges with two k-degree ends. Using the above construction method to generate new larger graphs pseudo k-regular repeatedly, we can increase the number of vertices by k − 1 in each operation.
By some small pseudo k-regular graphs and applying Lemma 5.1, we can attain a pseudo k-regular graph of every order at least N(k) for k = 3, 4.
Corollary 5.2. For k = 3, 4 there exists a pseudo k-regular graph on n vertices for every n ≥ N(k).
Proof. For k = 3, we have N(3) = 7. By Lemma 5.1, the two pseudo 3-regular graphs given below of orders 7 and 10 which have two edges e 1 , e 2 and e 3 , e 4 with 3-degree ends, respectively, provide the existence of pseudo 3-regular graphs of order n ≥ N(k) except for n = 8. In particular, a pseudo 3-regular graph of order 8 is also shown as follows.
For k = 4, we have N(4) = 8. By Lemma 5.1, the three pseudo 4-regular graphs given below of orders 9, 10, and 11 which have three edges e 1 , e 2 , e 3 , e 4 , e 5 , e 6 , and e 7 , e 8 , e 9 with 4-degree ends, respectively, provide the existence of pseudo 4-regular graphs of order n ≥ N(k) except for n = 8. In particular, a pseudo 4-regular graph of order 8 is also shown as follows. 
Bounds on N (k)
In this subsection, we give some lower and upper bounds for the minimum number N(k) of vertices in a pseudo k-regular graph. 
Proof. It is direct to see that N(k) ≥ k + 2 since the maximum degree in a pseudo kregular graph is more than k. Assume that there exists a pseudo k-regular graph G on k + 2 vertices. Let V (G) be partitioned into S ∪ T such that S collects the vertices of degree k + 1 and has cardinality |S| = a. Then the neighbors of any vertex i ∈ S have degree sum (a − 1)(k + 1) +
and hence
On the other hand, from Lemma 2.1 we have
which implies that
A contradiction occurs by substituting (3) into (4).
We emphasize that k + 3 is tight by the following example.
Example 5.4. For k = 17, a pseudo 17-regular graph of order 20 will be given and hence N(17) = 20. Let S, T, and U = {u, v} be the vertex sets of a complete graph on 12 vertices, a 2-regular graph on 6 vertices, and 2 isolated vertices. By adding an edge xy for each pair of vertices x ∈ T and y ∈ S ∪ U, and 12 edges between U and S such that u is adjacent to 6 vertices of S and v is adjacent to the other 6 vertices. One can see that the new graph is pseudo 17-regular with 20 vertices.
Furthermore, a pseudo k-regular graph on k + 4 and k + 6 vertices always exists for each odd and even k, respectively. Proof. We prove it by providing a pseudo k-regular graph of the corresponding order. Suppose that k is odd. Let p = (k + 1)/2 and G be a graph on k + 4 vertices with vertex set partition V (G) = S ∪ T ∪ U, where S = {s i | 1 ≤ i ≤ 4}, T = {t i | 1 ≤ i ≤ p − 1}, and U = {u i | 0 ≤ i ≤ p − 1}. Let the edge set of the induced subgraph on S ∪ T be {s 1 s 2 , s 3 s 4 } ∪ {xy | x ∈ T and y ∈ S ∪ T \ {x}}, the edge set of the induced subgraph on U be {u i u j | 1 ≤ i + 1 < j ≤ p − 1}, the edge set between T and U be {t i u j | 1 ≤ i ≤ p − 1 and j = i + 1, i + 2, . . . , i + p − 2 (mod p)}, and the edge set between S and U be {xy | x ∈ S, y ∈ U} \ {s 1 u 0 , s 2 u 0 , s 3 u p−1 , s 4 u p−1 }.
We can see that G is pseudo k-regular. For even k, let p = k/2 + 1 and G be a graph on k + 6 vertices with vertex set partition V (G) = S ∪ T ∪ U, where S = {s i | 1 ≤ i ≤ 6}, T = {t i | 1 ≤ i ≤ p − 2}, and U = {u i | 0 ≤ i ≤ p − 1}. Let the edge set of the induced subgraph on S ∪ T be {s 1 s 2 , s 2 s 3 , s 3 s 4 , s 4 s 5 , s 5 s 6 , s 6 s 1 } ∪ {xy | x ∈ T and y ∈ S ∪ T \ {x}}, the edge set of the induced subgraph on U be {u i u j | 2 ≤ i + 2 < j ≤ p − 1}, the edge set between T and U be {t i u j | 1 ≤ i ≤ p − 2 and j = i + 2, i + 3, . . . , i + p − 2 (mod p)}, and the edge set between S and U be {xy | x ∈ S, y ∈ U} \ {s 1 u 0 , s 1 u 1 , s 2 u 0 , s 2 u 1 , s 3 u 0 , s 3 u p−1 , s 4 u 0 , s 4 u p−1 , s 5 u p−2 , s 5 u p−1 , s 6 u p−2 , s 6 u p−1 }.
One can check that the pseudo k-regular property holds for G.
Open problems
In this paper, we propose conditions and applications for the sequence of degree pairs, and further utilize them to find pseudo k-regular graphs. To conclude this paper, several open problems are listed in the following.
1. Give a necessary and sufficient condition for a sequence of positive integers that can be the degree sequence of a finite pseudo k-regular graph with no isolated vertices for every positive integer k.
